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SECTION 1
SUMMARY

This report presents the development of a recursive, non-singular method for computing the
first and second partials of the geopotential with respect to the position vector, XT = {x1 x9 x3). The
magnitude of X is the radius, r.

The second partial, which is the partial derivative of the gravitational acceleration with
respect to the position, is required in a number of disciplines; e.g., estimation, optimization, gravity
gradient, etc.

A non-singular, recursive algorithm for computing the first and a symmetric, non-singular,
recursive algorithm for computing the second derivative of the geopotential are derived, pro-
grammed, and verified.
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SECTION 2
INTRODUCTION

This report presents the development of a recursive, non-singular method for computing the
first and second partials of the geopotential with respect to the position vector, X7 = (x; x2 x3). The

magnitude of X is the radius, r.
The second partial, which is the partial derivative of the gravitational acceleration with
respect to the position, is required by a number of disciplines; e.g., estimation, optimization, gravity

gradient, ete.
The gravitational potential function for the Earth is normally written
(1)

n
) P (e)(Cnmcosm)\-%-Snmsmm)\)

8m

where p is the gravitational constant, a, is the equatorial radius of the Earth, and
n

o™

nm

are the associated Legendre functions and P, are the Legendre polynomials. Also, we have the sine

of the latitude
e =X, Ir

and the longitude is computed from
_ -1
A=tan” (x,/x)

=_V

For notational convention, we define a geopotential function U to be

and write
_ B B
= + Z Z r ( ) Pmm(a) (Cn,mcosm?x + 8 , sin mA)
n=2 m=0
P, ., becomes
2 2 mi2
r°—x a P m
P :( 3) = = P_ p™
n.m . 2 m m n
r de r

(2)
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where
2_ 2 2
pr=x; + X,
and
" P
pt= —=
" ae™
Also, define
C =pTcosmA

@ n
_k Rie) =
U_r+ Z Z r(r> m B"’m 3

This form is especially useful since P,m, Cpy, and Sy, can be calculated recursively and the singular-
ity at the pole (p = 0) can be avoided.

The Legendre polynomials may be calculated recursively as

PP=P" +@n-1P" !, m=1
n n—2 n-1
pl-p :((2n—1)aP —(n-1DP )/n
n n n—1 n-2

0_ 1_
P,=1, P, =0

0 _ 1_
Pi—a ,Pl—l

alsgo note that

Cm: p™cosmA = pm_1+1cos(m -1+ 1A =C1Cm_1__sls

S, =pMsinmh = p" Mlsinm—1+DA=S C__ +CS |
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o |2
I
=

C,=peosd =p

o |
H
Ead

SlzpsmA:p

2

Vead fadd
It is helpful during coding to note that C,, = C,/rmand §,, = S,,/rm are also recursive, since

C =—=—=(C.C -5, 8
m m m-1+1 1" m-1 1" m-1
r r
g.m_ S g5 LEw
m_ Pm - m—1+1_SI m—l+ 1" m=1
C = — S =
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SECTION 3
THE FIRST PARTIAL

The gravitational acceleration, g, is calculated as the first partial derivative of U with respect
to the Earth-fixed position vector, X. From equation (3), we have

U U ar U & oU 9B,
g=—=— —+ — — + —— ——

+ (4)
§76x  ar ax e aX B X
£ nm 92
where
a,\" )
3J n+ + 1
W__E_SYS i(_e) mA 1) m g T
ar r2 P2 P nm
d

Using the recursive definition of C,, and S, and the fact that

tanA = 352/.7c1

and

.XT:(x x x)

17273
it can now be shown that [1}
B 7 B 7
m(Cn,mCm—l + Sn,msm-l Bn m—1
aBm
a)_( - _m(C",mSm—l—Sn,m m~1) =m _An,m—l Emé
- 0 - - 0 4

@ n

TFor notational simplicity, ZZ = Z Z throughout.
0

n-2 m=
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Alse,
ar X
aX o
and,
de 1 Xq
—_— =g —X
X r 3
where al=( 0 1)

Combining these partials and substituting into equation (4), we get

n

ﬂ_ B (1 Z (ae‘) 1 P?Bn‘m))_(
axm_ﬂ + Z,r (n+m+1) o

r

PEyy(f) pnlin, B (%) pun an
I’2 VA r n m a4- 2 r n rm. r

R Lt

Cmc C . +8 S8 ) ]

nm m-—1 nm m-—1

a " P"
B e n
+§§§(7) _mC S -8

m—1 n,m m—1
r

nom m—1

0
Defining,

Pm
AQ+n+m—(@C C +8 S)
1 rm. n.m m n.m m

Pm+1

n
= 1 id
Hn - CR,O Pn + Zl (Cnm Cm + Sn,mSm)
m=

m
r
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n=2
xSH
A=T+
-
A X
X==
r
we can write
U “(AJ? Id; )
E=E S~ - 5)
B_X r2 H

Note that the final result for the first partial derivative of the geopotential is a rather simple,
compact, vector equation.
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SECTION 4
THE SECOND PARTIAL

Next we calculate

starting with equation (4), as it leads directly to a compact symmetric notation.
We have from equation {4)

W _ U U s 3U B,
aX  ar aX e oX B aX

Thus,

T
FU BBn,m aBn,m

aB: X X

n,m

FU _ PU ar Y FU %

sl
= — +
ax?  oar? oX 3X P X X

T
U (ar ael de arT> U (aBn‘m arl ar aBn‘m)
— =+ = |+ —_ + ==

sear \oX aX X X B\ aX X X X

n,m

(8)

X X X X

T
L U (Ban & Dy 0 P S
asaBn’m or 852 de a§2 aBn’m 352

The second and cross partials appearing in equation (6) are

2
FU 2 a,
S eELeIT(7) T 2t 2 pnp

rm n nm

(ae)" m+n+1)

[+1) Qs
gl
Il
|
g
b
sl
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2 n pm+1
LA eh E(‘E) Py
deoB e Le p \ p P
n,m
2 n
U . ZZ }l(ae) (m+n+1)Pm
ardB - 2N\ r m n
n.m r r
ar o’ XXT
X X 2
T 2
de 3 Xy *3 1
= — = xx'- &' +aX"+ Sea
X X - .
&r 1(1 XXT)
a__2 r 2
e 3x 1 x
—=—5'3¥XT——3(_QT+9§T)——2I
oX r r r

Bn,m-2 -Anm—2 0
#B_
x> =mm =D -4 5 “Bima 0 |
L 0 0 0,
where
Bn,m-—2ECn,mCm—2+ nm m-—2
An,m—ZECn,mSm—Q nm m-—2

and
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T B
aBnm aTJ ar aBnm mme T
2 = — =m A — +m=|[B —A 0]
a‘_)g ax ag ax | nm—1 r r nm—1 nm—1
0
=2 6xT+x6D
r
where
nm—1
‘é = An,m—l
0
and
aBn,m agT de aB:,m m T T 3 T T
— + = = —|{bg" +agb ) - < BX +Xb)
X X aX X r 2= ==
Putting all these into equation (8) leads to
U g a, m+n+2) xxT
— =24 > —)(m+n+1) pm"B ) ==
29 3 R e m n,m 2
X r r r
a \" P x
B e m+2 _nm | 73 T 3 T T T
+=>>(=)p ~XX" = Xa" +aXN+aa
3 r n m = 2 == - -
r r r r
4\ (n+m+1) 1 *3
-k = milg | -(xa”+ax"-2—=xxT
3 r m n nmi{ p == == i Bl

10



n pm Bn,m—2 —An,m.—Q 0

+ 25y i  mm—1) | —A -B 0
r8 r rm—Z nm—2 nm—2

0 0 0

If we now define

n

bs <) a n B
L=2+ Z(—f) (n+m+1n+m+2) P ——
n m

n=2 m=0 r

x ae\ n n
=3 () 3 2t
n=2 m=0 T
n
N = i a_e i P mi 1 © ,mcm—2 n,mSm—2)
o r mim — ) m—2
n=2 m=2 r
Q= i (ie_ " i pm ( 1 (Cn., Sm—2 n,m m—2)
= ; n mm — m—2
n=2 m=2 r
_ _€ m+1 n,m
P=Z(r) S PP m4n+ )
n=2 m=0 r

n=2 | 1 rm
o ae " m (CnmSm—l—SnmCm-l)
8= Z(T) Z (m+n+1)an -
n=2 m=1 r
- ae " (€ mSm-—l sn mCm—l
TE_Z(—) (m+n+1P"m ‘
r n m—1
n=2 m=1 r

then with the definitions

11
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Q
a= | R
0
r'S"*
Y=1|T7T
—0 —
we can write equation (7) as
9
&u xx7 xg x,
—=Er2= 5M[—352§T— ';()59T+95T>+22T]
x2 .2 3L 2
1 T3 3 .
- -”—P[— (X" +aXN) -2 -—)_H_fﬂ + 5[(«12”5197)— = @x"+xa"
3 r r Pl r
T T T 3x X
YX " +XY XX 3 1 3
- i[“ =X } - 51“[1- == } + EH[——-ggT— ~xXa"+axD) - —I]
e r s 2 _ s r r
N Q0
V]
+ K -Q —-N O (®)
0 0 0
Collecting like terms, we get
4 T
FU p 3 *3 3y XX
— == L+M—+2P—+[‘+3H-—-) -
6_.2 e r? r r r
¥ Xa"+aX"
_ =M= +P+H)
rs r r
X
+ EMad” - E—(I‘+ —§H)l
3 - = 3 r
r r
N Q0
B T T 3 T T YXTJ“)—(YT'
+31e tea)- DX +Xa) - T )+ -2 =N 0 (9)
r i
i ’ 0 0 o]
Recalling that
A=T+ecH

A
X =

~ P

12
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and defining
F=L+eMe+2P+H)+A

G=~Me+ P+ H

d=ea+y
we have finally
A
FUu yfa [F G 1X7
T 5 |Xid 3
9 r LG M a
) Ap N-A -0 Q
#ia |° _l] [X] Q9 —WN+A) R '
+[X: — | + - -
Mo o (10)
= Q R —A

Note that the final result for the second partial derivative of the geopotential is a rather simple,
compact, symmetric matrix equation.

13
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SECTION 5
NUMERICAL VERIFICATION

The equations in this report were coded and checked numerically using GOTPOT.

The computer program, GOTPOT, is given in the appendix in FORTRAN. Also included in
the appendix is the truncated set of coefficients used in the numerical verification. The coefficients
are contained in the subroutine, GEM10, which must be called before GOTPOT is called.

Two types of numerical checks were done. The first derives from the fact that U satisfies
Laplace’s equation, i.e., that

2
U
Therefore, the trace of —, must be zero.
aX

Secondly, numerical partials of g were taken by varying xi, x2, and x3 * 4 meters. The central
difference derivatives were subtracted from the appropriate term in 42U / 3X2 and then normalized
by dividing the error by that term. The results of the numerical tests withn = m = 4andn=m =5
are given in table [.

Note that the trace is zero to 16 decimal digits compared to the individual diagonal elements.
This is as close to zero as double precision arithmetic can get.

Note also that the numerical partials agree with the analytic to at least nine digits. These are
inherently not as accurate as the trace since we are comparing a numerical partial to an analytic

one. Nonetheless, the agreement is outstanding.

It should be noted that different computers may get slightly diferent results for the trace and
error terms because we are dealing with numbers at the edge of computer accuracy.

These tests, together with comparisons of the formulae with direct differentiation of U consid-
ering only Jg (not presented here) lead to the following.

14
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SECTION 6
CONCLUSIONS

A non-singular, recursive algorithm for computing the first and a symmetric, non-singular,
recursive algorithm for computing the second derivative of the geopotential has been derived, pro-
grammed, and verified.

15
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SECTION 7
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TABLE I.- NUMERICAL VERIFICATION OF RESULTS

NOMINAL X = 5489150.0 , 802222.0 , 3140916.0 (meters)
ANALYTICDGDX n=4,m =4
0.18777919E-05 0.499270741£-06 0.19651588E-05
0.49927074E-06 —0.14652000E-05 0.28721411E-06
0.19651588E-05 0.28721411E-06 —0.41259196E-06
TRACE 5.29395592033937712E-23
NUMERICALDGDX n=4,m =4 (dx = 4 meters)
0.18777919E-05 0.43927074E-06 0.19651588E-05
0.49927074E-06 —0.14652000E-05 0.28721411E-06
0.19651588E-05 0.28721411E-06 —0.41259196E-06
(A - NYA
—0.39090978E-10 —0.30118256E-10 —0.44035904E-10
—0.25248719E-09 0.97483656E-11 0.45181657E-10

0.68954763E-10 —0.51455571E-10 —0.14525828E-09

ANALYTICDGDX n=5m=5
0.18777323E-05 0.49925937E-06 0.19650747E-05
0.49925937E-06 —0.14651356E-05 0.28720884E-06
0.19650747E-05 0.28720884E-06 —0.41259666E-06
TRACE 4.76456032830543941E-22
NUMERICALDGDX n=5,m =5 (dx = X4 meters)
0.18777323E-05 0.49925938E-06 0.19650747TE-05
0.49925937E-06 —0.14651356E-05 0.28720884E-06
0.19650747E-05 0.28720884FE-06 —0.41259666E-06
(A — NYA
—-0.28756763E-10 —0.18302270E-10 0.20757122E-10
0.48203922E-09 —0.75195398E-11 —~0.16305638E-09

0.20757122E-10 —0.66417378E-10 0.23218316£-09

17
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APPENDIX
COMPUTER LISTINGS

SUBRQUTINE GOTPOT(X,G,DGDX,NAX,MAX,ID)

PROGRAMMED BY ROBERT G. GOTTLIEB

NOQTE: ID =2 FOR SECOND PARTIALS, MUST = 1t OTHERWISE

COMMON/GRCOEF/C(20),5(20},MU,RE
IMPLICIT DOUBLE PRECISION (A-H,0-7)

DIMENSION X(3),G(3),DGDX(3,3),PN(0:20),PNM1(0:20),PNM2(0:20)

DIMENSION CTIL(0:20),5TIL(0:20)

DOUBLE PRECISION MU,MUOR2 MUOR3,MXPNM,LAMBDA

R=DSQRT(X(1)**2 + X(2)**2 + X(3)**2)
Rl =1.DO/R
XOR = X{1)*RI
YOR = X(2)*RI
ZOR = X(3}*RI
EP=Z20R
REOR = RE*RI
REORN = REOR
MUOR2 = MU*RI*RI
K=0
DO1OM=1,MAX + D
PNM2(M)=0.D0
10 PNM1(M) =0.D0
PNM2(0) = 1.DO
PNM1(0) = EP
PNM1{1)=1.D0
CTIL(0)=1.DO
STIL(0) =0.D0O
CTIL(1) = XOR
STIL(1)=YOR
SUMH=0.D0
SUMGM = 1.D0
SUMJ=0.D0
SUMK =0.D0
{F(ID.EQ.2)THEN
SUML=2.D0
SUMM = 0.D0
SUMN=0.D0
SUMO=0.D0
SUMP =0.D0
SUMQ=0.D0
SUMR=0.D0
SUMS=0.D0
SUMT =0.D0
ENDIF

C

DO 50 N=2NAX

18
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REORN = REORN*REQOR
N2M1 =N + N-1
NM1 = N-1
NPt=N+1
CxxkakkkrRakxxxrx  RECUJRSIVE COMPUTATION OF LEGENDRE POLYNOMIALS - PN(0)
O rxaxkakrnhrxnknx  AND FIRST ASSOCIATED LEGENDRE FUNCTIONS PN(1), PN (2)
PN(0) = (N2M1*EP*PNM1(0)-NM 1 *PNM2(0))/N
PN(1) = PNM2{1) + N2M1*PNM1(0)
PN(2) = PNM2(2) + NZM1*PNM1(1)
K=K+1
SUMHN = PN({1)*C(K)
SUMGMN = PN{0)*C(K)*NP1
IF{ID.EQ.2)THEN
SUMLN = SUMGMN*(NP1 + 1)
SUMMN =PN(2)*C(K)
SUMPN = SUMHN*NP1
ENDIF
IF(MAX.GT.0) THEN
SUMIN=0.D0
SUMKN =0.D0
IF(ID.EQ.2)THEN
SUMNN =0.D0
SUMON =0.D0
SUMQN = 0.D0
SUMRN =0.D0
SUMSN =0.D0
SUMTN =0.D0
ENDIF
CTIL(N) = CTIL()*CTILINM 1)-STIL(1)*STIL(NM 1)
STIL{N} = STIL{DY*CTIL(NM1) + CTIL(1)*STIL(NM1)
IF(N.LT.MAX)THEN
LiM=N
ELSE
LIM = MAX
ENDIF
DO20M=1,LIM
MM1 =M-1
MP1I=M+1
C ******%x PECURSIVE COMPUTATION OF ASSOCIATED LEGENDRE FUNCTIONS - PN(M + 1)
PN(MP1)=PNM2(MP1} + N2M1*PNM1(M)
MXPNM = M*PN(IM)
NM=K+M
BNMTIL = C(NM)*CTIL{M ) + S(INMY*STIL(M )
BNMTM1 = C(NM)*CﬂL(MM” + S(NMY*STIL(MVI1)
ANMTM 1 = C(NM)*STIL(MM 1)-S(NM)*CTIL(MM 1)
SUMHN = SUMHN + PN{MP1)*BNMTIL
SUMGMN = SUMGMN + (N + MP1)*PN(M)}*BNMTIL
SUMIN =SUMIN + MXPNM*BNMTM 1
SUMKN = SUMKN-MXPNM*ANMTM 1
IF(ID.EQ.2)THEN
MP2=M+2
NPMP1 =N + MP1

19



PN(MP2) = PNM2(MP2) + N2M1*PNM1(MP1)
SUMLN = SUMLN + NPMP1*(MP1 + NP1)*PN(M)*BNMTIL
SUMMN = SUMMN + PN{MP2)*BNMTIL
SUMPN = SUMPN + NPMP1*PN(MP1)*BNMTIL
SUMQN = SUMQN + M*PN(MP1}*BNMTM 1
SUMRN = SUMRN-M*PN{MP1)*ANMTM1
SUMSN = SUMSN + NPMP 1*MXPNM*BNMTM 1
SUMTN = SUMTN-NPMP1*MXPNM*ANMTM 1
IF(M.GE.2)THEN
MM2 = M-2

SUMNN = SUMNN + MM 1*MXPNM*(C(NM)*CTILIMM2) + S(NM)*STIL(MM2))
SUMON = SUMON + MM 1*MXPNM*{(C(NM)*STIL{(MM2)-S(NM)*CTIL(MM2))

ENDIF
ENDIF
20 CONTINUE
SUMJ =SUMJ + REORN*SUNMIN
SUMK = SUMK + REORN*SUMKN
IF(ID.EQ.2)THEN
SUMN = SUMN + REORN*SUMNN
SUMO =SUMO + REORN*SUMON
SUMQ = SUMQ + REORN*SUMQN
SUMR = SUMR + REORN*SUMRN
SUMS = SUMS + REORN*SUMSN
SUMT = SUMT + REORN*SUMTN
ENDIF
ENDIF

C awkdkhkxdhktrkikikhsktards SUMSBELOW HERE HAVE VALUES WHEN M =0

SUMH = SUMH + REORN*SUMHN
SUMGM = SUMGM + REORN*SUMGMN
IF(ID.EQ.2)THEN
SUML = SUML + REORN*SUMLN
SUMM = SUMM + REORN*SUMMN
SUMP = SUMP + REORN*SUMPN
ENDIF
K=K+N
C **k**k Mk Ak XRAN KK RAKAR**%  SHIFT | FEGENDRE POLYNOMIALS DOWN
IF(N.LT.NAX)THEN
DO40J=0,N
PNM2(J) = PNM1(J)
PNM1(J) = PN(J)
40 CONTINUE
ENDIF
50 CONTINUE
C
LAMBDA = SUMGM + EP*SUMH
G(1) = -MUOR2*(LAMBDA*XOR-SUMJ)
G(2) = -MUOR2*{LAMBDA*YOR-SUMK)
G(3) =-MUOR2*(LAMBDA*ZOR-SUMH)
IF(ID.EQ.2)THEN

89FM10

CHFIRARRAXAR AR IR R IR XK XA *F*X** NEED TO CONSTRUCT 2ND PARTIAL DERIVATIVE MATRIX

GG =-(SUMM*EP + SUMP + SUMH)
FF=SUML + LAMBDA + EP*(SUMP + SUMH - GG)

20
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D1 =EP*SUMQ + SUMS
D2 = EP*SUMR + SUMT
MUOR3 = MUOR2*RI
DGDX{1,1) = MUOR3*((FF*XOR-2.D0*D1}*XOR-LAMBDA + SUMN}
DGDX(2,2) = MUOR3*((FF*YOR-2.D0*D2)*YOR-LAMBDA-SUMN)
DGDX(3,3) = MUOR3*((FF*ZOR + 2.D0*GG)*ZOR-LAMBDA + SUMM)
DGDX(1,2) = MUOR3*((FF*YOR-D2)*XOR-D1*YOR-SUMO)
DGDX(1,3) = MUOR3*((FF*XOR-D1)*ZOR + GG*XOR + SUMQ)
DGDX(2,3) = MUOR3*((FF*YOR-D2)*ZOR + GG*YOR + SUMR)
DGDX(2,1) = DGDX{1,2)
DGDX(3,1) = DGDX(1,3)
DGDX(3,2) = DGDX(2,3)

ENDIF

RETURN

END

21
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SUBROUTINE GEM10
COMMON/GRCOEF/C(20),5(20), MU,RE
DOWUBLE PRECISION MU,CC(5,0:5}),55(5,0:5)
IMPLICIT DOUBLE PRECISION (A-H,0-2)

The constants given herein are taken from

“Gravity Model Improvement Using Geos 3 (GEM 9 and GEM 10}
by

F. Lerch, 5. Klosko, R. Laubscher, and C. Wagner

Journal of Geophysical Research, Vol. 84, NO. B8, July 30, 1979

From Table 8 --Comparison of the IAG 1975 and GEM Geodetic Parameters

MU = 39860047.007
RE = 6378139.0D0

From Tabie 4--Goddard Earth Mode! 10 Normalized Coefficients

{We use an abbreviated set for reasons of space)

CC(2,0) =
CC(3,0
cc(4,0)
CC(5, 0)

cc(2, 1} =
$5(2,1) =
cC(3, 1) =
$5(3,1) =
CC(4,1) =
$S(4,1) =
cc(5, 1) =
SS(5, 1) =

CC(2,2)
$5(2,2)
CC(3,2)
$5(3,2)
CC(4, 2)
SS(4,2)
CQ(5, 2)
S8(5,2)

cC(3,3)
$5(3,3)
CC(4, 3)
Ss(4,3)
CC(5, 3)
55(5. 3)

CC( 4, 4)
55(4,4)
CC( 5, 4)

-484.16544D0

0.95838D0
0.54112D0
0.06862D0

0.00104D0
-0.00243D0

2.02855D0
0.25197D0

-0.53521D0
-0.46926D0
-0.05117D0
-0.09379D0

2.43404D0
-1.39907D0
0.89272D0
-0.62346D0
0.35208D0
0.66404D0
0.65146D0
-0.32769D0

0.70028D0
1.41250D0

0.98850D0
-0.20179D0
-0.46712D0
-0.20298D0

-0.19531D0
0.29883D0
-0.28754D0
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SS{5,4) = 0.04990D0

CC(5,5) = 0.15617D0
$5(5,5) = -0.65983D0

* The unnormalized coefficients, in single subscript form, used in GOTPOT
* are computed below.

DO 200N = 2,5
DO 100M = O,N
J=(N**2 + N-4)/2 + M
IF(M .EQ.0) THEN
A=2*N+1
C({J)) = DSQRT(A)*CC(N,0)*1.0D-6
S(})) = 0.DO
ELSE
COEF = 2*%(2*N + 1)*FACTNK(N-M,N + M)
COEF = DSQRT{COEF)*1.0D-6
C(J)) = COEF * CC(N,M)
S(J) = COEF * SS(N,M)
END IF
100 CONTINUE
200 CONTINUE
RETURN
END

DOUBLE PRECISION FUNCTION FACTNK(N,K)
DOUBLE PRECISION ANSWER
*  This routine computes n!/k!
INTEGER START,STOP
IF(N.GT.K)THEN
5TART= K + 1
STOP=N
ELSE IF(N.EQ.K}THEN
FACTNK = 1.DO
RETURN
ELSE
START=N +1
STOP=K
END IF
ANSWER =START
DO 100 | =START + 1,5TOP
ANSWER = ANSWER*|
100 CONTINUE
IF(K.GT.N)ANSWER = 1.DO/ANSWER
FACTNK = ANSWER
RETURN
END
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